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1. Introduction

Before properly introducing the topic of this paper, it should be said that our main
purpose is to offer a simplified version of the argument presented by J. Parcet in [9].
Consequently, its interest lies in the shorter and clearer proof it provides. We believe it
can be used to expand the reach of the theorem as shown by the slight improvement we
make to its hypotheses and an application we present.
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Our main result belongs to the now well developed theory of singular integrals. The
latter was initiated in the 1950’s by Calderén and Zygmund who found a very useful
sufficient condition for a kernel operator to be bounded on L, for 1 < p < co. It can be
expressed (without details about definition) by the following theorem:

Theorem 1.1. Letn € N, p € (1,00) and k a measurable function from R?" to C verifying
the size and smoothness conditions. Then if the formal expression:

Tf(z) = / k(. ) (4)dy

yeR™

defines a bounded operator T on Lo(R™), it also defines a bounded operator (still noted T )
on L,(R™). T is called a Calderdn—Zygmund operator and k its kernel.

Size and smoothness will be defined later in a more general context. For the p = 1
case, only weak boundedness is true in general:

Theorem 1.2. With the same conditions and notations, T defines an operator on Li(R™)
and there exists a constant C such that for all f € L1(R™):

sup tu{Tf >t} < C[|f|,
t>0
where p is the Lebesque measure.

A motivation to show this second theorem is that it directly implies the first one by
real interpolation and duality.

The ideas behind these two theorems remain valid for kernels and functions taking
values in different vector spaces, which makes them a great tool to show boundedness of
certain operators such as generalized Hilbert transform or Littlewood—Paley inequalities.
What we prove in this paper is a generalisation of the second theorem to noncommutative
integration. The result has already proven to be useful since it is the main ingredient
used in [1] and [14] in which it is shown that there exists a constant ¢ such that for any
Lipshitz function f and for any self-adjoints operators z and y,

/@) = F @l oo < el ool = vl

This inequality does not directly express the weak (1,1) boundedness of a Calderén—
Zygmund operator but is reduced to it in the mentioned papers. We also hope that our
main result is a way to tackle generalisations of classical inequalities on L, whose proof
relies on Calderén—Zygmund theory. Another approach for this kind of problem is to
show BMO boundedness rather than weak boundedness and conclude thanks to interpo-
lation theory. This strategy is often easier. It first appears in [7] to show the boundedness
of some Fourier multipliers. And has also been applied in [15], where L,-boundedness of
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Calderén—Zygmund operators with operator valued kernels and column valued functions
is used to study Hardy spaces on quantum tori as well as in [6] where it is applied to
fully noncommutative Calderén—Zygmund operators, in quantum Euclidean spaces.

An introduction to noncommutative L,-spaces can be found in [13]. We will only
briefly recall some basic definitions and results. A noncommutative measure space is a
von Neumann algebra M equipped with a semifinite normal faithful trace 7. For all
x € M, we can define by the functional calculus:

lll,, = 7(lI")*/".

Denote S, = {z € M : Hx”p < oo} and Lp(M) = (Sp, HHp) The elements of L,(M)
can be identified with unbounded operator affiliated to M. A large part of classical
integration theory still holds in this context such as Hélder’s inequality, duality and
interpolation. In particular, we will need the noncommutative concept of martingales.
First, a filtration on M is an increasing sequence (M, )nen of von Neumann subalgebras
of M with weak-x dense union and such that 7 restricted to each M, remains semifinite.
This guarantees the existence of conditional expectations &, on M, which extend to
contractions from L,(M) to L,(M,,) for all p > 1. With this in mind, the definition of
martingale is straightforward.

1.1. Main theorem

We will now introduce the notations that will allow us to state the main theorem of
this paper. Let (./\/l T ) be a noncommutative measure space and M a von Neumann
subalgebra of M such that 7 o restricted to M (denoted Tpq) is semifinite. L,(M) is
naturally included in Lp(ﬂ) forall 1 < p < co. Let M’ be the commutant of M. We will
consider A" and A the von Neumann algebras of x-weakly measurable M- and M-valued
functions on R™ i.e. the von Neumann tensor products M® L. (R™) and M@LOO(R”), T
will denote their natural trace (with no ambiguity since A is naturally included in N ).
Let T be a Calderén—Zygmund operator associated with a kernel k : R x R® — M’ ﬂﬁ/lv,
formally given by the expression:

Tf(z) = / Kz, y) f(y)dy
yeRm™

Definition 1.3. Say that T has Lipschitz parameter v (0 <y < 1) if for all , y and z in
R™ verifying |z — z| < % ly — 2|, the following smoothness estimates hold:

|z — 2"
e~ ke < 22
|z — z|”

[y, 2) = k(y, 2)|| 5 < PENEEE
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We will also suppose that T verifies the size condition, for all x,y € R™:

|
[E (2, )| 5 < T

Remark 1.4. This size condition will never appear throughout the proof. It is however
used in Remark 1.6. Moreover, it is implied by the smoothness condition provided that
k goes to 0 at infinity.

On the contrary, the smoothness condition will be crucial to many computations.
A Hormander type condition:

sup / k(z,y) — k(2" y)|dy < C
TER™

lz—y|>2|z—2a'|
would not suffice to use the ideas of this paper. We would at least need a decay of the
following type:

C
sup / k() — k(@ )| dy < =, a>2.
zER™ «a

lz—y|>a|lz—a|

But we do not know if it is a strong enough condition since part of the proof of pseudo-
localisation relies on pointwise estimates of the kernel.

Define, for all ¢t > 0 and f € N:

M(f) =7({f > t}).
The main theorem we are aiming to prove in this article is the following.

Theorem 1.5. There exists a constant c, .~ depending only on n and 7y such that for all
Calderén—Zygmund operator T with (M’ N M)-valued kernel and Lipschitz parameter

0 < v < 1, verifying the size estimate and bounded from La(N) to La(N), for all
feLi(N):

suptA(Tf) < Cn,vaH1
>0

To prove this theorem, we will need a pseudo-localisation result which constitutes the
first part of this paper. This is where the most important simplifications are made com-
pared to J. Parcet’s work. In particular, our proof is elementary and does not explicitely
use the size condition. We decide to directly show the result with noncommutative vari-
ables but the pseudo-localisation theorem is essentially a commutative one. The second
part, which is the proof of the main theorem has been shortened and clarified thanks to
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more efficient organisation and computations but the underlying ideas all appear in [9].
In particular, we use the same decomposition which relies on Cuculescu’s projections.
It is a natural noncommutative counterpart to the decomposition used for the classical
proof but unfortunately, new kind of terms appear which will necessitate more refined
estimates and in particular, the pseudo-localisation theorem. In a third section, we show
a boundedness result for singular integrals with Hilbert valued kernels and operator val-
ued functions. It was already shown in [8] by J. Parcet and T. Mei but follows directly
from Theorem 1.5 and Khintchine inequalities. We conclude this paper by providing an
L,-pseudo-localisation theorem similar to the one of P. Hyténen in [5]. We would like to
thank the referee for bringing the latter to our attention. The result follows mainly from
our proof of Ly-pseudo-localisation, martingale inequalities and interpolation.

1.2. A technical remark and notations

The following remark allows us to manipulate the integral expression of 7', in partic-
ular to use the smoothness condition.

Remark 1.6. For any Calderén—Zygmund operator T there exists a Calderén—Zygmund
operator T” such that T'f = T'f + gf for all f in Ly(N) and T’ is the strong limit in
B(La(N)) of operators T; given by:

mmzjmmwwm

yER?

for any f € La(N). Here, k; can be taken as a truncation of k so that the integral makes
sense and ¢ is a bounded function in A. This fact is explained in more details in [4],
proposition 8.1.11. As a consequence, it suffices to prove the theorem for operators given
by a converging integral formula on Ly (N).

The proof of the main theorem will rely on the use of dyadic martingales which will

require a few notations.

e Since we deal with cubes, the co-norm will be easier to manipulate than the Euclidean
one. Hence, for all z € R™, we set |z| = HxHOO in the remainder of the paper.

e Q will denote the set of all dyadic cubes and Qj the set of dyadic cubes of edge
length 27%. Let V}, = 27 be the volume of such a cube.

o For all z in R", @, 1 will denote the cube in Qj containing = and ¢, j its centre.

o Let (&k)rez be the martingale associated with dyadic filtration, i.e. for all f:

@mw:%/ﬂMt
Q

=,k
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For convenience, we will write fi := & (f) and Ap(f) = fr — fx—1 =: dfx. The
filtration associated with these expectations will be denoted by (Nj)rez where Ny
is the von Neumann subalgebra of N constituted of functions that are constant on
dyadic cubes of edge length 27,
e For any odd positive integer i and ) in Qf, iQ) will designate the image of Q by the
homothety of centre cg and parameter ¢ such that Q) is the union of " cubes in Qj.
o Notice that for all z,y e R" and k € Z, € iQyr < ¥ € iQqu -

The notation A < B will stand for “there exists a constant ¢ depending only on n
and v such that A < ¢B”.

In the next section, we will frequently use “polar” changes of coordinates with respect
to the norm |.| since it is more adapted to our problem. The spherical element of volume
is replaced by the border of a cube which leads to a similar formula:

/f(\wl)d:c = /2n(2r)"_1f(r)dr.
in

R+

2. Pseudo-localisation
2.1. Theorem

A localisation result would be of the form supp T'f ~ supp f which is ideal to show
weak boundedness. The theorem that follows expresses in a way the fact that singular
integrals rapidly vanish outside of the support of the function to which they are applied.
A simpler result of this type appears in the commutative proof in the Li-context and
is enough to conclude in this case. But, as mentioned before, the noncommutative case
requires new tools such as the Lo-version of pseudo-localisation that follows. Note that
the proof is written with operator-valued functions because we will need this result later
but is almost a copy of the proof we had with scalar functions. So, surprisingly, the most
technical part of the proof of our main theorem is purely commmutative.

Theorem 2.1. Let f € Lo(N) and s € N. For all k € Z, let Ay, and By, be projections in
Ny such that Adekars = df;HsBkl = 0. For any odd positive integer d, write:

A = Z Aglg, Ag € M and define dAy, == \/ Aolag.
QEQk QEQk

Define dBy, the same way. Let:

Ags:=\/ 5Ay and By, = \/ 5B;. (1)
keZ kEZ
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Let T be a Calderon—Zygmund operator associated with a kernel k with Lipschitz param-
eter vy, verifying the size condition, taking values in M’ N M and bounded from La(N)
to La(N'). Then for all s € N and f € La(N) we have:

14T O, $27F | flly and [(THBE, <27 (1],
Throughout the course of the proof we will often use the following lemma:

Lemma 2.2 (Schur). Let T be an operator on La(N) given by a M-valued kernel:

z) = [ k(x,y)f(y)dy
R[

Let Si(x) = [gu ||E(z,y HMdy and S2(y) = [gu ||E(z,y Hde then:

1N 20y = V1511152l

Proof. This is not different from the commutative case (see [9]). Let f € La(N):

213~ [1 [ oo swplies
< [ ([ 1K), e

R™ R»
< [ ([ Il gl 50 a0)° e
R® R%
< | [l [t )i
Rn Rn
<sill [ [ k)5l ) e
]Rn Rn

< HSlHooH&Hm/Hf(y)Hidy= IsullJS: [l Ml o
R

It will also be important to note that by construction, for all z,y € R™ such that
T € 5Qy.y, we have Ag(y) < (5Ax)(z) < Ay (x) and A3 (y)dfits(y) = 0. Consequently:

At (@)dfirs(y) = (5AR) " (2)dfres(y) = 0. (2)

We will only show the pseudo-localisation theorem in the case of left multiplications
since the exact same proof can be written for right multiplication. Another way of seeing
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it is that left and right multiplication are equivalent by taking adjoints. The general
strategy will be to find an operator T" verifying AJJ{STf = AJJ{ST’f and such that we can

control HT’ H B(La( thanks to the lemma above. By Remark 1.6, we can also suppose

N))
that the integral defining T' converges. The result for any 7T follows then directly by

approximations.
2.2. The s shift

Let f € Ly(N), fixed throughout the proof. Let s € N. To make use of the construction
of Ay we immediately write 7=}, ., TAp 4, where the sum converges for the strong
operator topology on B(Ly(N)). We will show in this section that the constant 277°
appears quite easily thanks to the smoothness condition when estimating the norm of
AﬁsTAk+S f- The tricky part will be to glue these pieces back together in the following
sections. Let k € Z, note that:

/ k(2 ey o) dfiss (y)dy = / Erot (s gora1)Afiss () (y)dy = 0.
R™ Rn

Therefore we can write:

Af @) Tdfra(a) = AF(0) [ Ko )dy
Rn
= A1) [ (6) = Ky 0)dy
Rn

Aj-(y) commutes with k(z,y) and k(z,cy j+s—1) since k is M'-valued so:

A7 (@) Tdfyys(x) = Af () /(k(%y) — k(@ eyt s—1)) (5AR) T (@) dfiers (y)dy
Rn

and by (2):

= A7 (2) / Logsqy., (k(z,y) — k(2 ¢y kts—1))dfi+s(y)dy.
]Rn

Denote by T} the operator associated with the kernel
kk : (xay) — 1$¢5Qk,yk(z7y) (3)
and T}, s the operator associated with the kernel

kk,s : (Z‘, y) = 1x¢5Qk,y (k($7 y) - k(l‘, Cy,k+s—l))~ (4)
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It will be useful to express the result of the previous computation in terms of these
operators:

Lemma 2.3. For all k € Z and s € N:
Af TAyof = AF TeDprs f = A T s Dpys f (5)
and more precisely:

TkAk+sf = Tk,sAkJrsf- (6)

The introduction of T}, ; is motivated by the following lemma.
Lemma 2.4. For allk € Z and s € N:

|7k 277 (7)

HB(Lz(N)) ~

Proof. The smoothness hypothesis on T' (see Definition 1.3) gives:

Hkk,s(xay)nﬂ = 1x$5Qk1y ||]€(£E, y) - k(l'v Cy,k+s—1)||/\7

ly = cyprs—a|”
ly — 2"

9—(k+s)y

SJ 1z¢5Qk,y W (8)

S 1w¢5Qk7y

The condition |y — ¢y k4s—1| < 5 | — y| is verified even for s = 0 as long as @ ¢ 5Qp .
This estimate is enough to apply Schur’s lemma and we obtain the result by a direct
computation using a “polar” change of coordinates. O

2.83. One more cancellation property

We introduce another kernel modification whose purpose is not immediately clear but
will be crucial in obtaining the estimates to apply Schur’s lemma later.

Proposition 2.5. For all k € Z and s € N there exists an operator Sy s associated with a
kernel sy s such that the three following conditions hold:

1. AﬁsTAk+sf = AﬁsSk,sAHsf,
2. fyeR" Sks(x,y)dy =0 for all z € R™,
9—(k+s)y

3. [lsks(@ 9 57 S Loyi>ar1

ly — z|
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Proof. Consider Ry, ; an operator associated with the kernel rj s defined by:

K(x)2_(k+s)’)’

Tk,s(xa y) = 1.Ak nty

Iny ly — x|

where Aj, := {((k%%) cx € BQyk,t ¢ 3Qyit, K(z) = _fRn kg s(z,t)dt and I, ., =
9—(k+s)y
Jrn 1.4, (0, t)Wdt.

We claim that Sj s := T} s + Ry, s satisfies the conditions above.
Condition 1. AJJ{SRhSAkJrsf = 0 is verified since:

supp 7x,s C {(2,y) : © € 5Qy )} ie. Ths = loesqQ, o Th,s-

Indeed, the shift section shows that to compute A}:st,sAk-i—s f, and in particu-
lar (5Ak)LRk,SAk+Sf, we might as well replace the kernel 74 s by 1l.¢50, ,7ks =

1.¢5Qy,, 1oe5Q, 1 Ths = 0.
Condition 2. It is direct by definition of K and I, 5. Let z € R™:

/ st y)dy = / e (20, y)dy + K (2) = 0.
Rn

yER™

Condition 3. It suffices to show that HK(m)HM
only on n and ~. By a “polar” change of coordinates, there exists a constant ¢, such
that:

is bounded by a constant depending

9—(k+s)y
HK(;U)HM < / Wdtzcn27vs.

The bound does not depend on x, as we needed. O
2.4. The decomposition

We are ready to decompose T into operators whose norms in B(Lz(N)) are controlled.
Fix s € N, write:

Ap Tf = A7 Y TAgpof = A7 Y (T + Ri o) Apysf

keZ kezZ
= A7s > AkrilTi + Res) Arsf
kEZ i€Z

Note that for i > 1, (5A4,)" commutes with Ay, and recall that the first point of Ry, ¢’s
construction implies that (5A4x)" Ry sAgtsf = 0, then:
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AfSAk;Jri(Tk + Rps)Apgsf = AL,SAkJri(BAk)L(Tk + Rpg o) Akss f
= A7 Ay TiDrgs f

For any i € Z, we have:

AfSAkH(Tk + Ris)Aptsf = AﬁsAkM(Tk,s + Ris)Djtsf

= Aj{sAk+iSk,sAk+sf
Now we can write our final decomposition:
oo oo
Ap Tf=A7 (D @if +> 0if) (9)
i=0 i=1

where:
P, = Z Ak—i—iTkAk-i-s and ¥; = Z Ak—iSk7sAk+s
kEZ keZ

We have then reduced our pseudo-localisation theorem to the following proposition.

Proposition 2.6. The following estimates hold for i > 0:

2777:42-5

its

and H\PiHB(L?(/\/)) SV1I+i277 2

Hq’iHB(Lz(N)) S

The proof of this result will occupy the next two parts.
2.5. Estimate for ®;

Let ¢ > 0. Note that T* is also a Calderén—Zygmund operator, associated with the
kernel k* where: k*(z,y) = k(y, z)*.
So k* satisfies the smoothness condition of parameter «, which means by (7) that:

H(T*)MHB(LQ(N)) S22

Consequently:

HAkJFiTkHB(LQ(N)) = ||T1:Ak+i”B(L2(N)) = "(T*)kviAk+i||B(L2(N)) S22

where we used that (Tg)* = (T™)x and (6).
By orthogonality of the Ay, we have on one hand:

||‘I)i||zs(L2(N)) = Sgp ||Ak+iTkAk+s||B(L2(/\/)) = Sgp ||Ak+iTkHB(L2(N)) g2,
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and on the other hand:

H(I)iHB(LQ(N)) = S‘;p HAk+iTkAk+sHB(L2(N)) = S‘;p HTkAk+sHB(L2(N)) N

2=,

By combining the two, (I)iHB(Lg(N)) <

2.6. Estimate for U,

Lemma 2.7. For allx € R", k € Z and i € N, the following estimate holds:

1|t7y|>217k |t _ y|n+’7
t€EQu k—i yeQ;,k_i

dydt < (1 +4)20~ k=D,

2778,

Proof. Fix x € R", k € Z and ¢ € N. Denote @ = Q) r—;, c the centre of @ and:

1
X = / / 1|t—y\>21_k Wdydt
teQyeQe Y

For every t in @ let §; be the distance from ¢t to Q¢ and notice that for any ¢:

1 1
/l\t—y|>21*k ﬁdy < / 1\t—y|>21*’€ Wdy = f(5t)

t —
Q° y| ly—t|>0d:

Indeed, the term on the right only depends on §;. For r < 2~ (k=i+1).

{teQ:0,=r}y={tecQ:|t—c| =27, _p =y}

So by a “polar” change of coordinates:

o= (k—i+1) o—(k—it1)

X < / 2n(2r' )"t f(r)dr < 27 (k00D / F(r)dr.

0 0

By a direct computation:

r—7 for all r
<
Fr s { 27(k=1) " if moreover r < 2~ (k=1

For 0 < v < 1 we only need the first estimate:

g~ (k—i+1) g~ (k—it1)

0

X < o~ (k=9)(n=1) / f(r)dr < 9= (k=i)(n-1) / r~Vdr
0

< 9—(k=i)(n=1)g—(k—i+1)(1—7) < 9—n(k=i)9y(k—i)
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For v = 1 we have to decompose the integral according to the distinction made above
when estimating f:

9—(k—i+1) 9—(k—1) o—(k—i+1)
[ twar= [ gwars [ g

0 0 2—(k—1)
g—(k—i+1)
< o~ (h=D)gr(h-1) / 1
.

o—(k—1)

<1+4i

Therefore:
X 200D (1 gy = (14 i)2 kIt g
Proposition 2.8. For all k in Z and i > 0, we have the following estimate:
Hgk—isk,sHB(L2(N)) < V1 Fi27 )

Proof. For any function ¢ : &_iSksg(x) = fQ - ﬁfw sk.s(t,y)g(y)dydt. So
Er—iSk,s corresponds to the kernel:

1 1
St; dt: 5t7 dt,
o [ sttt = [ s

Qm,k—i Q;ﬁk,,;

E:(x,y)—

where we used the cancellation property on Sy ;. We are looking to estimate both inte-
grals in order to apply Schur’s lemma. Fix z:

1= [ IE@lgar [ 150 g

R™ Qo k—i ik—7
— / | / Lsks(t,y)dtﬂwy
Vi M
Qze—i Qi
+ / I / Lszw(t,y)dt||~dy
Vi M
ngkf-; Qm,k—i
1 2_7(k+s)
< 1,_ r————dtd
NV}H/ / tmyl>2 kT Y
Quk—i QF i

Using Lemma 2.7:
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/HE(aj ) HMdyN Vl (1+4)2™ n(k—i)9y(k—i)g—(k+s)
R‘!L

S (1402708

The other estimate, with y fixed, is straightforward:

/ e e / St )t e

R”

/Vk / ||5;Cs t,y ||Mdtd:£

— [ st e
RTL
s

The proposition follows directly from the two previous computations and Schur’s
lemma. O

‘We now have:
HAk—iSk,SAk+s||B(L2(N)) < ||5k_iSk,sHB(L2(N)) <Vi+i 97

We conclude once more thanks to the orthogonality between the Ap_; Sk sApts:
- st
| HB La(N)) ~ sup (| Ak—iSk SA"€+‘>’||B(L2(/\/)) SVI+i27 e
This concludes the proof of the pseudo-localisation theorem.
3. Proof of the main theorem
3.1. The good and the bad functions

The idea of the following decomposition comes from the classical proof of the weak type
inequality for singular integrals. It has been noticed that the commutative decomposition
can be expressed in terms of martingales which is well suited for a translation in the
noncommutative setting. However, even with this idea, the construction is not immediate
and the estimates are more difficult to obtain due to the appearance of new “off-diagonal”
terms.

Fix t > 0 and f € L1(N). We will suppose that f is positive to avoid unnecessary
computations. This is possible because f can always be written as:
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f=h—fotifs—ifs

with kaHl < Hle for k = 1,2,3,4. Suppose also that {x € R : f(z) # 0} is bounded
(in other words, f, considered as a function, has a compact support), and that f is in
Ly(N) N N. We can make these assumptions since the functions satisfying them form a
dense subspace S of Ly (N). Once the theorem is proven, T' can be defined on L;(N) as
the only bounded extension of its restriction to S.

Denote by (fn)nez the martingale associated with f and the filtration (NV,,),ecz. The
main tools to decompose f into a good and a bad part are Cuculescu’s projections:

Theorem 3.1 (Cuculescu). Let x = (x,,) be a bounded positive Li-martingale and t > 0.
Then there exists a decreasing sequence (qn) of projections in N such that for every
n>1:

1. ¢n €N,
2. qn commutes with ¢n_1TnGn_1.-
3. qpTngy < t.
4. Moreover, if g = \ qn then:
o =l
qrng <t forn>1and 7(qg7) < _

The boundedness hypothesis on f and its support imply that there exists ng such
that for all n < ng, f,, <t. By a change of variables, we do not lose generality assuming
that ng = 0. From now on, let ¢,, denote the projections given by Cuculescu’s theorem,
associated with ¢ and (f,,)n>0. To complete this definition let ¢, = 1 for all n < 0. Notice
that for all n € Z, ¢, frngn <t.

Define:

Vn € Z,pn = gn-1 — qn and pos = q.
Let Z = 7Z U {oo}. By definition, p,, € N, and:
St
nezZ
Which allows us to define the good and bad parts as follows:
9= Zzpifivjpj and b = ZZPi(f — fivj)p;-
i€Z JEL i€Z jEZ
By properties of the distribution function (see [3]):

M(Tf) S >\t/2(Tg) + /\t/Q(Tb)
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So it suffices to prove estimates of the form:

1711

M(Tz) < ;

for both = g and = = b. This is the purpose of the next sections.

Remark 3.2. The same formula for b and g works in the commutative case except that
only the diagonal terms are non zero. This explains why the commutative proof can only
be repeated for the diagonal terms and “shifted” diagonals. What makes this decom-
position work is that, due to the pseudo-localisation lemma, the estimates for “shifted”
diagonals get exponentially better as the shift increases.

We will use the following notation: for all k and @ € Qy, pg := pr(x) for any = € Q.
We will also need two lemmas which are directly deduced from the construction.

Lemma 3.3. For all k € Z, we have: frpi+1 < 2™ ff.

Proof. This is straightforward from the definition of f; and positivity of f. Let z € R™:

2" fr(z /f dt>— / f@)dt = frra(x). O

QI k41

Lemma 3.4. Let d be an odd positive integer. Define:

o=V polag)”
QeQ

Then:

T(Cd < an H-CHl
2. For all cubes Q € Q, we have the following cancellation property:

z € dQ = (q(x)pg = pola(z) = 0.

Proof. The first estimate is a consequence of Cuculescu’s inequality:

7(¢r) < Z d"7(polq) = d" ZT(Pk) =d"r(¢") < d" ||ft||1
QeQ —

Let Q € Q and z € dQ. By construction, (7 (z) > pg so (a(z) < pé. This concludes
the proof. O

From now on, we fix d = 5 and denote (4 by (.
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Remark 3.5. This projection ¢ should be thought of as a dilation of the support of the
bad function. It already plays a crucial role in the commutative setting.

3.2. Estimate for the bad function
The strategy of proof is to write:
Th=CTb(+ (1 —¢)TbC+CTh(1—¢)+ (1 —¢)Th(1 - ).
Therefore, Lemma 3.4 and Tchebychev’s inequality give:

 lerwc),
t

AT S 71— 0 + A 5 1L
The estimate for the bad function is now reduced to the following proposition:
Proposition 3.6. We have the estimate: HCTbCHl < Hle

The proof will require three intermediate lemmas.
Define, for all i,j € Z: b; j = p;(f — fiv;)pj-

Lemma 3.7. For all s € Z: Y. ||bi ||, < [|f];
i—j=s

Proof. Let i,j € Z:
1be4lly < [lpafpslly + |[pifivipilly
By Holder’s inequality:
[billy < 1720l 15 2pilly + 17375 il 155 s

1
< 5(lpifpilly + llpsfpilly + lpifiviply + [lpsfivipsll,)

<7(pif) +7(p;f)

Consequently, for all s € Z:

> bl <2X i) S Il ©

i—j=s i€Z

Lemma 3.8. The following cancellation properties hold:

o foralli,j €Z and Q € Quv;: fQ bij =0;
o forall z,y € R™ such that y € 5Qz in;: C(2)bi j(y)¢(z) = 0.
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Proof. The first point is straightforward. Since Q € Q;y;: fQ bij = fQ Eivj(bi ) =0.
The second one is a consequence of the construction of ¢ expressed in Property 3.4.
Indeed, for all z,y € R™ and k € Z such that y € 5Q, , we know that ((z)px(y) =

pr(y)¢(x) = 0. Recall that b; ; = p;(f— fiv;)p;, it is now clear that ((x)b; ;(y){(x) = 0 for
Y € 5Qz k and k = ¢, j which concludes the proof of the lemma. Note that Qg C Qz i
for k > k', so we do not lose anything by taking k =i A j. O

The following lemma is the core of the bad function estimate, it relies on a computation
which allows us to make use of the smoothness condition.

Lemma 3.9. For alli,j € Z: ||CTbi,jC||1 < 2_|i_j"yHbi,j||l.

Proof. Note that b; ; is in Lo(N). Fix i, j € Z and x € R", recall that k(z,y) commutes
with {(z) since ¢ takes values in M and k in M":

C(&) Ty 5 (2)C () = / ko, 9)C (@b (4)C()dy

yeR?
= [ (o) ko)) @b ) )y
YESQS inj

where we used both cancellation properties of b; ; (Lemma 3.8) the first one to make
the term k(z,c,;v;) appear and the second one to reduce the domain of integration.
Therefore, the smoothness condition (Definition 1.3) applies and gives:

1¢(@)Thi s ()¢ ()], < / [k, y) = k(s epivg)|| g llbis )] dy

YESQS inj
9—(iVj)
< / 1y¢5Qm,mjWH@J@)HMZ/
yeER?
It follows that:
IcThiscll = [ @b @)@ e
zeR”
9—(iV3)
< [ [ tesstr )l ey
yER™ xeR"

< / 9= (iVj—ing) ||bm' (y) Hldy
yeRn

S 27 sl
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Proof of Property 3.6. The only thing left to do is to glue the pieces together thanks to
Lemmas 3.7 and 3.9:

lcTe]l, < D7 IKTbiscll, <D0 3 |leThi ],

i,jEZL SELZi—j=s
<2y bl < D2l < -
SEZL i—j=s El&/

3.8. Estimate for the good function

This one is more involved and requires the Ls-pseudo-localisation theorem. The same
trick as for the bad function allows us to write:

sl llemaclly

M(Tg) S 7(1=¢)+ Ml¢TyQ) § 15l 4+ =

Define the diagonal, left and right parts of g as follows:

g = sz‘fipiag(l) = ( Z pifips) +a" fg and

i€Z 1<jEL

9" = ( Z pifipi) +afat

i<jEZ

Note that the estimate for the good function can easily be deduced from the following
property:

Proposition 3.10. The following estimates hold:

7 < tls

Ty S il and 79Il < ol

1°

Proof of the g(? estimate. Since T is bounded on Lo(N) it suffices to prove that

2
gl < ¢ £1],-
Notice that ¢(® is positive.

9 = X rstiod = 3 voef) = (o pid) = 11

i€Z i€Z i€Z

By orthogonality, we have Hg(d)Hoo = sup HpkfkpkH < 2"t. Indeed, for k < oo, we
keZ

have, by Lemma 3.3:

PSPk < 2"k fre—1Pk < 2" qu—1 fr—1qr—1 <278
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For k = oo, reasoning in Lo(N): t —qfq = klim t —qfrq > 0 since La(N)T is closed.
— 00

So [l <2t
We conclude by Hoélder’s inequality:

lgall; < Noall Noall. <2"el7ll, ©

Proof of the ¢\ estimate. This will conclude the proof of Proposition 3.10 since the

argument for g(") is similar. O

Lemma 3.11. We have the following expression for gV :

gV = Zzpkdfk+sqk+s—1 =" Zzggﬁ

k=1s=1 k=1s=1

Proof. This is obtained by an Abel’s transform. First, fix jg:

STopifivi= Y pifilgir—q) = > pidfia; — Y Pifieo

i<j<Jjo i<j<jo i<j<Jjo 1<jo
_ iR
= E Pidfi+195 — GGo—1.fi0 %0
1<j<jo

Letting jo go to infinity, we obtain:

> opifipi= (Y pidfis1a;) — ¢ fa,

i<j€EZ i<j€EZ
which is exactly what we needed. O

Proposition 3.12. Define, for all s > 1:

o0
98 =" pdfitsrie
k=1

D2 o oens
Then: |[¢Tgi" [, < 2774l -
This is, as for the bad function, the core of the proof and will require some work.

Lemma 3.13. We have the following properties:

1. Ak-i—s(ggl)) = ggc
2. Fiz s, the ggc are orthogonal in La(N).
3. [l9”113 S elll,-
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Proof. 1 is straightforward and 2 follows directly from 1 since martingale differences are
always orthogonal. Let us prove 3.

HQSLHE < 2(||pkfk+s(Ik+stH§ + Hpkfk+371(Jk+sf1||§)
< 27(pk frtsQhts—1 frrsPr) + 27 Pk frts—1Qk+s—1 frts—1Dk)

By Cuculescu’s theorem and recalling that f; < 2" f;_; from Lemma 3.3:

|/ ;iﬁ%ﬂ—lf;iﬁ”m = [|@kts—1 forsters—l| o S
gk o1 i il = larvot ferom1gursll, <t

Therefore, for all s > 0:
19115 = > Moz < 3 trtoet) = 1) £,
k>0 k>0

Lemma 3.14. We have the following estimate:
l<Tgl, < 27|91l

Proof. This is where we apply pseudo-localisation i.e. Theorem 2.1 to gs . Using the
notations introduced for this theorem, we can take Ay = py since py gi L = 0. Then:

Af,s = \/ 5Pk = CJ_'
k>0

The theorem gives:
147 Tol [, < 277216
which is exactly the expected estimate. 0O

The Proposition 3.12 is clear from the two previous lemmas.
It follows that:

oo

[cTg®]3 < Z lcTg]l,)" < (D27 g

s=1

O11,)°

o0

< (o2 il < sl
s=1

which is the expected estimate for ¢V and concludes the proof of the main theorem.
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4. Application to Hilbert-valued kernels

Let (M, 7) be a noncommutative measure space, N' = Lo (R)®M. Let T be a
Calderén-Zygmund operator associated to a kernel k taking values in ¢2. For all
1 < p < o0, we have a multiplication from £2x L,(M) to L,(M)N: for all b = (h;)ien € ¢
and z € M, define hx = (h;x);eN-

There are different natural norms on L, (M) that make this multiplication continu-
ous. We will be interested in (see [13]):

/2 /
=l e, any = wa«l > Nl re = € Zx wet) "l

and

2]l ey ae) = mas([lal|L, y00 2]l u0) it p>2.

{ 1nf{||yHcp(M) + HzHRP(M) yt+z=xa} ifp<?2
Denote by Cp(M), R,(M) and RC,(M) the associated subspaces of L,(M)N. Like-
wise, define Cp,(N), R,(N) and RC,(N). Note that Co(M) = Ry(M) = RCy(M) =
2(La(M)).

Thanks to the multiplication we defined, T' can be seen formally as an operator from
L,(N) to L,(NM)YN by the usual expression:

Tf(z) = / ko, y) f(y)dy.

R

We will show in this section that T is bounded from L,(N) to RC,(N).

To apply the theorem, we have to include M and ¢? in a von Neumann algebra such
that their images commute. Let F,, be the free group with countably many generators
(gn)neN, A its left regular representation and C(F,) its associated von Neumann algebra.
Define M = C(Foo) ® M, N = Loo(R) ® M and the inclusion maps i1 : M — M and
ip 1 0% = M by:

i1(z) = 1@z and iz(h) = Y  heA(gr) ® 1

From now on M will also designate 1 ® M and can be considered as a von Neumann
subalgebra of M since Ty coincides with 7o¢ on M. Note that the image of iz is in
M A M. Let k : (z,y) — ia(k(z,y)) be the kernel of a Calderén—Zygmund operator
T : Ly,(N) = Ly(N). The image of iy is in M’. The following lemma (Khintchine’s
inequalities for the free group) is the crucial point of the construction (see [11], [10]).
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Lemma 4.1. Let a = (ay)nen be a sequence in L,(M)YN, then for all 1 < p < oco:

||a||RCp(M) ~|| ZOM%) ® CLnHLP(/\?)
-

Corollary 4.2. Let T be a Calderon—Zygmund operator associated with a kernel k taking
values in (2 an T as defined above, then for all 1 <p < oo and all f € L,(N):

HTfHch(N’) ~ ||ffHLp(/\7)'

Proof. Notice that if Tf = (T;f)ien in RC,(N) then Tf = > Mgn) @ T;f in Lp(./V)
i=0
and apply the previous lemma. 0O

Proposition 4.3. Let T' be a Calderon—Zygmund operator associated to a kernel k taking
values in £2. Suppose furthermore that T is bounded from Ly(N) to RCy(N) and that k
satisfies the smoothness and size conditions then the operator T defined above is bounded

from Li(N) to Ly 0(N).

Proof. We only have to check that Theorem 1.5 can be applied to T. Khintchine’s in-

equality for p = oo imply that for all h € £2, hH ~ ||22(h)||/\7[ so k verifies the size and
smoothness conditions. Furthermore, Corollary 4.2 applied to p = 2 gives the bounded-
ness condition on Lo. So all the hypothesis are verified and T is bounded from L (N)

to Ll,oo(N)~ O

Corollary 4.4. Let T be a Calderén—Zygmund operator associated to a kernel k taking
values in €2. Suppose furthermore that T is bounded from La(N) to RCy(N') and that k
satisfies the smoothness and size condition. Then T is bounded from L,(N) to RCy(N)
foralll <p<2.

Proof. From the previous property, it is clear that 7T is bounded from L,(N) to L,,(J\? )
by real interpolation. Which is enough to conclude thanks to Corollary 4.2. 0O

Remark 4.5. T is not bounded from L,(N) to C,(N), for 1 < p < 2. It is necessary to
consider RC,,(N).

Proof. We will construct a counter-example thanks to the Littlewood—Paley kernel (the
same general idea can again be found in [9]).

Let ¢ be a C*° function supported in (1,2), bounded by 1 and constant equal to
one on (5/4,7/4). For any i € N* let ¢; : t ~ 1(it). Consider the kernel k : R? — (2
defined by k;(x,y) = ggz(z — y) where ¢; denotes the Fourier transform of ¢;. It is
standard that k verifies the smoothness estimate for v = 1 and the size condition.
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The Calderén—Zygmund operator T associated to k is bounded on Lo by Plancherel’s
theorem.

Let M = B(£?). As always, let N' = Lo(R) ® M. For all p > 1, T can be seen as
an operator from L,(N) to C,(N). For all k > 0, let g be the Fourier transform of

1( gk—1 59k—111/2)- Notice that gbz x g = 0. Fix m > 0 an integer. Let f,, = Z gL ® el
k=1

then T'f,, = (g ®e€1 k)e, en+- It results that HmeL,,(N) — ml/zungp and HTmeCp(N) —
ml/pthHp. So T is not bounded for p < 2. 0O

5. Lj,-pseudo-localisation

In this section, we will recover in this context the main result from [5] which is an
L,-version of pseudo-localisation. The proof heavily relies on estimates and definitions
introduced in section 2. Precisely, we will show the following theorem, using notations
from Theorem 2.1.

Theorem 5.1. Let T be a Calderén—Zygmund operator associated with a kernel k with
Lipschitz parameter v, verifying the size condition, taking values in M'AM and bounded
from Ly(N) to La(N). Then for all 1 < p < oo, s € N and f € L,(N), there exists
0, > 0 such that:

17T, <277 fl], and [[(THBF, < 27| f]],,
where the implied constant depends on p.

We will use the decomposition we obtained in the Lo-case in (9):

AFTf = At ( Z¢f+Z\Iff

1=1

The crucial result, proved in the next sections, is the following:

Proposition 5.2. For all p € (1,00) the sequences of operators (®;);en and (V;);en are
uniformly bounded on Ly(N).

Proof of the theorem. Fix p € (1, oo) By complex interpolation, there exist ¢ € (1, 00)
i—26,
and 0, > 0 such that H‘biHB(Lp( <[ HB(LQ(N @ HB(L (N))
Now, it suffices to plug in the previous proposition and Proposition 2.6 to get the
expected estimate. We obtain: H<I> HB(L Wy S < 270p(i+5) - A similar estimate is true for

;. This is enough to conclude thanks to the decomposition (9) mentioned above. 0O
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5.1. Ly-boundedness of ®;

Lemma 5.3. Consider a Calderén—Zygmund operator T with kernel k, and an integer m.
Then, for any p € (1,00), the kernel k' : (x,y) — lsesq,. . k(z,y) defines a bounded
operator T" on L,(N).

Proof. We introduce a sequence of Rademacher variables indexed by the set of dyadic

cubes of size 27™ to express the kernel k' in a suitable way. Let §2 be the probability space

{—1,1}9" where Q,, is the set of dyadic cubes of size 2~ and N = N@ L (). Consider

N as a subalgebra of N. We will take a functional approach and work in N from now on.

Denote by e¢g the Q-coordinate in €. Define g, (z,w) = > 1lg(z)eg(w), ln(z,w) =
QEQm

> 1sg(z)eg(w). Let Gy, (resp. Ly,) be the multiplication by gy, (resp. l,) and &
QEQ’V?’L
be the conditional expectation onto L, (N). Note that ||G

HLmHB(Lp(N)) = HlmHoo = 5"
It is easily checked that T' = £L,,TG,, since

mHB(LP(N)) = ||gmHoo = land

K () = / Lo (22, ) (2, ) g (3, 0) .
Q

So T” can be extended to a bounded operator on L,(N). O

Proposition 5.4. Let p € (1,00). The operators ®; are uniformly bounded on Ly(N).

Proof. We identify L,(N) quasi-isometrically with a subspace of RCp(./\Nf ), thanks to

Burkholder-Gundy inequality (theorem 2.1 in [12]): ||f ||p ~ ||df || pe (- Recall that

(I)i = Z Akfs%»ikasAk = Z Akfs%»i (T— ng,sTGk,S)Ak, where the Lk and Gk are
kEZ

k€EZ
given by the lemma above. We can write ®; = AT — AELTG where Gz = (Gi— sk ) kez,

Lz = (Ly—stk)kez, A = (Agp—sti®k)kez and Te = (Txy)kez. L and G are still bounded

multiplications by unconditionality of RC,(N). T' is completely bounded on RC,(N) as
a diagonal Calderén—Zygmund operator, £ as a conditional expectation from RC,(N)
to RC,(N) and A by Stein’s inequality (Theorem 2.3 in [12]):

||(5n(xn))||Lp(ﬁ,eg) < H(xn)HLp(ﬁ,eg) and H(gn(xn))HLp(ﬁ,zg) < H(%)HLPW,@)'
Hence, the ®; are uniformly bounded. O

5.2. Ly-boundedness of ¥;

Recall that,
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v, = ZAk—iSk,sAk+s = Z Ap—i(Th,s + Ris)Akys = Ai + Bi
ke keZ

where A; = 30 Ap_ T sDpys = > Ap—iTkApys (by 6) and By = Y ApiRp s Apps.
k€Z kez kez
The previous section tells us that A; is bounded from L,(N) to L,(N'), with a control

on the norm independent from i. So what is left to prove is the following proposition.

Proposition 5.5. Let p € (1,00), then B; is bounded from Ly(N') to L,(N), uniformly
Proof. Using notations from the previous section, we will again consider B; as a partial
operator from RC), (N) to RC, (V). Let ¢ be a Schwarz function from R™ to R such that
1a,(z,y) < 0@ —y) < 1jg_y>1/2 for all z,y € R". Let U be a smooth function from
S"~! to the unit circle of C with average 0. Such U exists, take for example Uy (z) =
e2iarctan(Az1) Since arctan is an odd function, the average of Uy is real. Now, note that
U, goes to —1 when X\ goes to co and to 1 when A = 0 so there must exist a suitable Uy.
Extend U to R™ by U(0) = 0 and U(x) = U(z/ |x|) otherwise. Write,

K ()2~ (k+s)y
Tk,s(x7y) = 1Ak(m7y)L

Iny |z — y["
K(z)27 Uz —y)o(2°(x —y)) Ulz —y)
= I—.lAk(a:,y). - 5 —m
nyy 25 (z —y) |z =yl
e K()27= : . ‘
Denote by Mg the multiplication by ————, M is bounded (see section 2.3).
n7’y
Define:
U(z)g(x)
P =

Since ¢ is zero in a neighbourhood of the origin, F' has no singularity and is a Schwarz
function. So F is the Fourier transform of an L; function F. Note also that 1 A, =
1:e5Q,., — lze3q@, ., we will only prove the boundedness replacing 14, by 1se5q, , since
1.e3q, ., is similar, denote the associated operator B;. Define also:

U(x)

" "

h(x)

and H the convolution operator associated to h. Since U has 0 average, H is bounded
from RC,(N) to RCH(N) for any p € (1,00). Indeed, H can then be written as an
average of directionnal Hilbert operators (see [2]). Using notations from the previous

proposition and lemma:s:
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Loesq, . F(2"(z = y))h(z —y) = /lk(% W)F (2" (& = y)h(z — y)gr(y, w)dw

— //ﬁ(t)lk(x,w)ezkmh(z — y)e 2 Mg (y, w)dtdw.

Q R»

We will now translate this equality in terms of operators. Take again L and G from
the previous part, the diagonal operators associated to the multiplication by (Ix)kez
and (gx)kez, M; defined by Mz = (e2k“'$k)kez, £ the expectation from RCP(/\~/) to
RC,(N), and A such that Az = (Ap_s_;zk)kez. Then,

B, = Mg / F(t)AELM,HM_,Gdt.
Rn

As we have seen in the previous proof, M;, M_,;, L and G are bounded by unconditionality
of RCy,(N). More precisely, | Mt”B(RCp(JV)) = || M tHB(RC = HGHB re () = b and
||LH B(RC,(N)) = o". AA is bounded thanks to Stein’s IHGQEallty and we have constructed
F and H such that F is L; and H is bounded on RC,(N'). Consequently,

||Bi||B(Lp(N)) S 2HA||B(RCP(N))5HHF\H1||H||B(RC,,(N))' o

Acknowledgments

I am very grateful to Eric Ricard for his advice and patience throughout the prepara-
tion of this article. I also thank Javier Parcet for his reading and comments on previous
versions of the paper and the referee for his fruitful remarks.

References

[1] Martijn Caspers, Denis Potapov, Fedor Sukochev, Dmitriy Zanin, Weak type commutator and
Lipschitz estimates: resolution of the Nazarov—Peller conjecture, Amer. J. Math. (2017).

[2] Javier Duoandikoetxea, Fourier Analysis, Graduate Studies in Mathematics, vol. 29, American
Mathematical Society, 2001.

[3] Thierry Fack, Hideki Kosaki, Generalized s-numbers of T-measurable operators, Pacific J. Math.
123 (2) (1986) 269-300.

[4] Loukas Grafakos, Modern Fourier Analysis, Graduate Texts in Mathematics, vol. 250, Springer-
Verlag, New York, 2014.

[6] Tuomas P. Hytonen, Pseudo-localisation of singular integrals in LP, Rev. Mat. Iberoam. 27 (2)
(2011) 557-584.

[6] Marius Junge, Adrian Gonzalez-Perez, Javier Parcet, Singular integral operators in quantum Eu-
clidean spaces, Preprint.

[7] Marius Junge, Tao Mei, Javier Parcet, Smooth Fourier multipliers on group von Neumann algebras,
Geom. Funct. Anal. 24( 3) (2014) 1913-1980.

[8] Tao Mei, Javier Parcet, Pseudo-localisation of singular integrals and noncommutative Littlewood—
Paley inequalities, Int. Math. Res. Not. (2009) 1433-1487.

[9] Javier Parcet, Pseudo-localisation of singular integrals and noncommutative Calderon—Zygmund
theory, J. Funct. Anal. (256) (2009) 509-593.


http://refhub.elsevier.com/S0022-1236(17)30421-4/bib53756B6F6368657631s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib53756B6F6368657631s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib44756F616E64696B6F6574786561s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib44756F616E64696B6F6574786561s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4661636B4B6F73616B69s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4661636B4B6F73616B69s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib47726166616B6F73s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib47726166616B6F73s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4879746F6E656Es1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4879746F6E656Es1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4A756E67654D6569506172636574s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4A756E67654D6569506172636574s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4D6569506172636574s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib4D6569506172636574s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib637A6F70657261746F72s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib637A6F70657261746F72s1

796 L. Cadilhac / Journal of Functional Analysis 274 (2018) 769-796

[10] Gilles Pisier, Non-commutative vector valued L,-spaces and completely p-summing maps,
Astérisque 247 (1998), vi+131 pp.

[11] Gilles Pisier, Introduction to Operator Space Theory, Cambridge University Press, 2003.

[12] Gilles Pisier, Quanhua Xu, Non-commutative martingale inequalities, Comm. Math. Phys. 189 (3)
(1997) 667-698.

[13] Gilles Pisier, Quanhua Xu, Noncommutative L,-spaces, in: W.B. Johnson, J. Lindenstrauss (Eds.),
Handbook on the Geometry of Banach Spaces, vol. 2, Elsevier, 2003, chapter 34.

[14] Denis Potapov, Fedor Sukochev, Operator-Lipschitz functions in Schatten—von Neumann classes,
Acta Math. 207 (2) (2011) 375-389.

[15] Quanhua Xu, Xiao Xiong, Runlian Xia, Characterisations of operator-valued Hardy spaces and
application to harmonic analysis on quantum tori, Adv. Math. 291 (2016) 183-227.


http://refhub.elsevier.com/S0022-1236(17)30421-4/bib50697369657232s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib50697369657232s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib50697369657231s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib506973696572587532s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib506973696572587532s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib5069736965725875s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib5069736965725875s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib53756B6F6368657632s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib53756B6F6368657632s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib587531s1
http://refhub.elsevier.com/S0022-1236(17)30421-4/bib587531s1

	Weak boundedness of Calderón-Zygmund operators on noncommutative L1-spaces
	1 Introduction
	1.1 Main theorem
	1.2 A technical remark and notations

	2 Pseudo-localisation
	2.1 Theorem
	2.2 The s shift
	2.3 One more cancellation property
	2.4 The decomposition
	2.5 Estimate for Φi
	2.6 Estimate for Ψi

	3 Proof of the main theorem
	3.1 The good and the bad functions
	3.2 Estimate for the bad function
	3.3 Estimate for the good function

	4 Application to Hilbert-valued kernels
	5 Lp-pseudo-localisation
	5.1 Lp-boundedness of Φi
	5.2 Lp-boundedness of Ψi

	Acknowledgments
	References


